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NATIORAL ADVISORY COMMITTEE FOR ARRONAUTICS

TECENICAL NOTE N0, 1476

A COMPARISON OF THREE THEORETICAL METEHOIS OF CALCULATING
SPAR TOAD DISTRIBUTLON ON SWEPT WINGS

By Nicholas H. Van Dorn and John DeYoung

SUMMARY

Three methods for celculating span load dilstribution, those
developed by V.M. Falkner, Wa., Mutterperl, and J. Weissinger, have
been applied to five swept wings. The =angles of sweep renged from
—45° to +45°, These metnods were exsmined to establish their
relative accuracy and ease of applicetion. Experimentally determined
loadings were used as a basise for judglng accuracy, For the
convenlence of the readers the camputing foims and all information
requisite to their application are included in appendlixes.

From the anslysis it was found that the Weissinger method
would be best suited to en over—ell study of the effects of plan
form on the spen loeding end assoclated characteristics of wings,
The method gave good, but not best, accuracy and involved by far
the least computing effort. The Fillkmer method gave the best
acouracy osut at a considersble expense in computing effort and
hence appeared to be most useful for a deteiled study of a specific
wing, The Mubterperl method offered no advanteges in accuracy or
facility over elther of the other methods.

INTRODGCTION

In an effort to reach highor flight speeds, designers are
turning to wldely diversified types of plen formg the aserodynamic
characteristics of which are as yet unimown. Since the multiplicity
of such designs precludes an experimental investigatlon of each,
considereble ettention has been dirscted toward means of obtalnlng
these characteristics theoretically, Usuglly the basis for such theo—
retical invesvigations is span loading, While the precise span load~—
ing itself maey not be considered of major importance, 1t is believed
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that any method giving reasonably accurate predictions’ of spen
loading would be amenable to.simplo extensions which would glve
reasonably accurdte valuss of such characteristice as lift-curve
.8lope, spanwise center of pressure position, downwash at arbiltrary
locations, and rolling moments dub %o gldeslip or rolling.

A number of methods have been developed for predicting the
span loeding of swept wings of erbitrary teper and aspect ratio,
but very few ettempts have been made to ocmpere, for several methods,
predicted and experimentally measured loadings on identical wings.
The investigation reported herein was unilorteken to provide such a
comparison of predlictod and measured span loadings. The thcoretical
methods have been evaluated in torms of rolative accuracy, manner
and consistency of error, and todiousnsss of application.

The methods developed by V.M. Falknor (reference 1), Wm. Mutterperl
(refercnce 2), and J, Weissinger (reference 3) have. been applied to
five wings produced by sweeping the wing panels of an airplane thiough
a range of -45° to +45°., The span load diastributions so calculeted
have been comparced with those obtained experimontally. In addition,
the lift—curve elopes uné spanwise center~of-pressurc position
predicted for each wing by the several methods kave becen compared
with those wvaluos obtalnod experimentally.

Throughout the calculations a chock was made of the time
required for cach mothod and for the various parts of each method.
From these ohservations a comparison wes made of the relative
tediousness of vech method, end indications were obtained as to
which parts mignt be rendersd less difficult and timo consuming.

Finally, in oréer to enable immediate. application o the
methods all nocessary tables, computation furms, and step—by-step
computation instructions f'or each are included in the appendixcs.
It is belleved that with these aids a computing staff could under—

tako the computation of swept-wing characteristice with little - .

addltional supervision. In addition, for tho convonience of the
reader, there are included in the appendixes any mathematical
derivations or developments not immediately obteinable from the
references, ' '
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wing area, square feet

6ffectivel wing span, feet

effeotive aspect ratio (b2/S)
semispan (b/2), feet

wing chord, feet

.root chord, feet -

average chord (8/b), feet
taper ratio, tip chord divided by root chord (ct/co)

gwee) angle of quarter~chord line posltvive for sweerback,
degrees

eometric angle of attack of wing messured from angle for
zeroc lirft, degrees _ '

geametric angle of atteck of wing rogt section, degrees
local. geometric angle of a.tta.ck, degrees

longltudinal ccordinete of d.ovmwa.eh point positive
forward, feet

laterel coordinate of downwash pelint positive to
right, fest .

dimenslonless lateral coomina:be of downwash
point (y/s) -

1Tn all instances except the unswept wing, the dctual tip chord was
not parallel to the wind streem. An effective tip chord that .
was parallel was therefore sssumed such that the wing area
remeined constant. The effective span 1s the, span to this
effective tip.
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longitudinal ocoordinate of vor'box element positive
forward, feot

latoral coordinate of vortex element positive to
right, feet .

dimensionlesa lateral coordinats of vortex elemont (¥/s)
chord at spanwise station 1, feet,
density of air, slugs per cubic foot

alr-stroam velocity, feol per second

alr-stream dynemic pressure (§oV2), pounds per square foot

1ift, pounds

1ift coefficient (L/gS}

secti'on 1ift coafficient

vorticity, feet per second
circulation, feet squared per second
gpanwise centor of pressu:';:: position

differential pressure between upper and lowsr surfaccs
of wing, pounds per square foot

statlic pressurse, pounds per square foot

froo—stream static pressure, pounds per square foot
pressure coefficienti{p-v,)/q)

induced verticel velocity or downwabh, feet per second

d.ownwash ang'La y» the ratio of d.ownwa.sh to freo-strean
velocity

spanwlse position in circular coordinates (cos™in
or cos )

¢ wem maa s - P T P - .
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Symbole Portelning to the Fellknor Method
somispan of horsoshoo vortox (s/20), foct
dimensionless longitudinal coordinate (x/yv)

dimonsionless longitudinal coordinmate of control point
relative to voritex

longlitudinal céordina‘ba roferred to 0.5c¢ lino, foot
circular longituiinal coordinate (cos™ 2xt!,c)
dimonsionloss lateral coordinsato (y/yv)

dimonsionloss latoral coordinsto of control point rolativo
to vortex

uwnknovns In distribution sexles
number of vortices in chordwise dlrection
deslgnatoas which of M vortices in chordwiso dirccition . . -

functlons usoed 1n dsvelopmont

circuletion Incroment of vortex in two~dimoneionel flow,
feot squared por second

d.imens}.onloss circuletion factors (Ty, _nL/AV Py ,B/BV; f
Ty, c/ocV)
,

total circulation of vortex in two—dimensional f£low,
feet squared por second (Fy,a + Tv,B + Ty, c)

dimensionless lateral cocrdinate of midpoint of el
specific vortox (F/s)

circulation of snocific vortex in threeo-dimensional
flow, fost squared per soccond
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swoep angle of loading odge, poeiti'»ro for swoopback,
degroos :
Symbols Portaining to the Muttorporl Mothod
dimensionloss span along tho 0.25¢ lino (b/co cos 4)
dimensionless semispan along the 0.25c line (b!'/2)

dimensionless coord.ina.te of control point along
line parallel to 0.25¢ line - (y/cg coe A)

dimensionless coordinate of vortex element alcng
0,250c 1line (¥F/co cos A)

perpendiculer distance from O 25c line 1o control point
divided by cg

.dlstance along 0.252 line from center section to base

of perpendicular to contrcl polnt aivided dy c¢o
AR - y!

cog™L yt/s!

1 +|'%;-\/ .Al?\}_a' _- | i,
YR EICTEN |
~WASELS _

Symbols Pertaining tc the Welssinger Method

local aspect ratio (b/c)

dimensionless olrculation (I‘(") /bV) e continuous
function of W
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m number of stations st which epecific circulation
. 18 to be debtermired and at which downwash ig. .

summed.

M _ number of atations at which fn, end TA(v,n).
is to be determined

n denotes at which of m points specific circulation
ordinste occurs

v denotes &t wvhich of m points downwash 1s summed

B denotes at which of M points £, o ¥, or
Ip(v,n: ordinate occurs

By ' donotes which of m ‘terms in interpolation function
Tn,u ' , )

Pn ciroular coordinate of polnt n {nx/m+l = cos™ F)

oy circular coordinate of point V (Vx/m+l = cos™ 1)

P : circular coordinate of point p (ux/M+l = cos™ 1)

Gp dimensionless clrculaticn at spanwlse station o¢p

Gy _ dimensionless circuletion at spenwise station
o = Py

cy chord at spanwise gtation oy _

ary . epecific local aspect ratioc (b/c,)

LA(']:?I-) }

TA(V51) influence function

By,n;iB*y,nsB¥%; ]

D b H¥. . ct o )
VsnrPy,y 2V y,n0 . .
b*v;b*v:p.; &, } functions used in ma.tp.emat'ical dgvelopment

838y, niBy,vi
t;’T(%Y’;K ’
1380, Interpolation function used in mathematical solution’

By 1/ary
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DESCRIPTION OF WIHGS INVESTIGATED

The five wings to which the methods hzve been applled wore
produced by swoeping tho wing panels from an existing airplane to
fivo angles of swoep., ZEach wing thon consisted of a center section,
the two main pencle, end the two tip sections. The alrfoil scctions
of the root and tip were genrersted by direct cxtension of the surface
;flzhe penols. The geomctric characteristics of the wings are as

ollows: o

2 AR
. A . A *(effuctive) 8
-45.2° [0.376 2.99 335.5 £t2
-29, 6° L0s L. 45 282.3 £t2
9% | .5u2 b 47 201,8 ft2
31.0° | hh2 k,66 288.4 ft2
- 1 B6.uo 418 | 3.L45 309.5 £t2

In all applications presonted herein it was apsuned that all
section lift—curve slopes wore 0.103 por degree, the avorage value
of this peremoctor for the scctions at the ends of the unswcpt wing
panel, Actuelly, the local section slope varied from root to tip;
however, becausc of the nature of tho soctlons goneratod by
extonding -the winae panols, oxact values of thls function could not
be determined. Corroctlons to the theorsticel methods to account
for euch e veriatlion were omitted from thke computations, although
the effocts of such an omlssion are discussed later,

The loading on a wing can be separated iato tho basic loading
(that existing at zoro over—-ell 1ift) which is a function of twist,
cember, flap defloction, and plan form; end additionel loading,
which is & fumction of plan form end engle of attack. For purposes.
of anmalyals in this rcport, ettcntion has been dirocted sololy
towvard the additional load.ins The wings oxpartmntally investigated

270 agree with the definition of sweep used in the theorotical
mothods of span loeding prediction, sweep heas been re¢ferred to
the sweeop of tho line :}oin:l.ng tho quartemhord. points at root
and tip. -
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woroe essentlally devold of any cambour or twist. Any evidoncc of
besic loeding shown by experimont was romoved from the loadlrg
curves used os a basis of comparison. Thus, for purposes of cnclyeis,
the wing wes roplccod vy e flat plete end locel angles of attack
become synonymous with over—all cngles of atteck. Tho charsctor-—
istics of wings hoving camber or twist the veriation of which is
froe from discontinulties, however, could bs dotormined egqually
woll by any of the methods sfmply by using the true local angle |
of atteck (#s meesured fram tho engle of zero Llift) ot ench point
coneidered. Further discussion of this problem 1s glven in tho
. eppondixea,

PROCEDURES

All mothods described horeinr ore cxtensione of Bimplifiod
wing theory and so aro subject to the semo aspumptions.

l. The fluld is.incoampressible.
2. The flow 1s potentlal.

3. The circulation is such thet, after Kutte—Joukowski, the
stagnation point cccurs at the tra.iling odgo of the airfoll,

. The wing 1s roprosented by a thin vortex sheet in the chord
planc heving c plen form identlcel to the wing plan form.

5. All vertical displaccmonts can bo ignored. This moans,
for instance, thot (e) whon cember is introduced, the chordwise
engular variation 1s considerod but not the chordwlse vorticcl
displaccment; (b) when angle of etteck i1s corsidored no vertical
chordwlse displ=cements arc ccnsidered; end (c) the treiling vortex.
gheot llea selweys in the same horizoptcl plane cs tho wing. This
assumption strictly limits the analysls to¢ uncemborod wings &t
zoro engle of atbtack; such linitetlons, Mowsver, con be nmodorately
oxcecded.

In roplacing the wing by a vortex shcot, tho strongth of ths

vorticlty 7 et eny point is rolcted to tho diffoerontial pressuro
Ap ot that polnt by

Ap = oy
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Tho problom of obtaining tho loading, or distribution of Ap,
over the wing 1s thus rosolved into that of obtaining the strongth
of vorticity y within the plan form. The control conditlon which
is enforced to obtain the distribution of . ¥y 1s that no flow cun
occur through the vorticity sheet, or in other words, that tho
downwash produced by the vorticlity is proportiomal tc tke slope of
the sheet at any polint within its limite. The dstormination of ¥y
would bo exact 1f 1ts distribution wore consildered continuous snd
if tho foregoing condition werc enforced at en infinito numbor of
roints. Such on exact determination is impractical; consequontly,
slmplifying approximntions must bo introduced. The simplificaticnas
generally used arc those cf (1) concentrating or restricting tho
continuocus vorticity chordwiso a.nd./og:- spanwise in order 1o make
the determination of its distribution amencblo to mathomatical
treatmont; and (2) representing the distribution of vorti~sity or
of circulation by a mathematical expression, usually a serios,
containing a finite numbor of unknown coefficionis vkere an infinito
number are genorelly required for oxectness; and (3) limiting tho
nuwber of control points at which the condlition of no flow through
the sheot is satlefled. Tho differences in the various mothoda
developed for predicting the distribution of verticliy arilso,
thoroforo, fram (L) the menner of concentrating or mcetricting the
vorticity; (2) the difforences in.tho form of tho mathomatical
oxpressions used to describe the vorticity distriputions; end
(3) the cholco in mumbor and location of ihe control points =nd iho
procise mathomaticel procedure used to cbtain e solution.

The . Felknor Meothod
The wing is first considered as a coptinuous shoot of

vorticity whoso strongth distribution is oxproesod by tho doublo
gories: -

-

y = eﬂ-léiﬂﬂ-ﬁ /T2 | cot % (80,0 + Too,1 472 20,2+ )
+ 8in @ (az,0 + TEy,1 + "’ieal,z...)
+ 8ln 26(ez,0 + TEp,y + ?]'2&2’2...)

(1)

+ ees 8y e slnm @

[ S—

in which ﬁ:gmd_e=cos"‘1#é.

LY
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Evaluation of the unknowns am,n 18 porformed in the follow-
ing mesnnor by

1. Concontrating thoe vorticity both chordwlse and spanwlse
into a system of 8% finite horseshoe vortices (fig. 1(a))

2. Exprossing the clrculation of these vortices In torms
of the unknowns in equation (1) (appendix A)

3. Suming at a number of oontrol points on tho wing the
downwash produced by all the vortices of the subjJect
system and camputod by means of the Biot—Savert lew

L. Bqueting tho downwash engle thus ‘determined to the slope
of the plate at those points thoreby forming equations
involving the unkmown cosfficlonts

5. Solving these equations simultengously to evaluato the
coefficlonts ap,n

Bubstitution of those values in equation (1) gives the dosirod
exproesion for the load distribution.

The Mutterperl Method

Mutterperl considered only spanwise distribution of vortiocity.
In such an aspproach the chordwise distribution of vorticlty is
concentrated into the circulation of a lifting line. (See fig. 1(b).)
The dlstribution of this circulation along the lite 1s then revre—
sented by the Fourler seriles -

o
I'= }-I-IWQO sln o Z azn+: 8in (2n+l) @ (2)
n=0 . '

The unknowns to be evelusted to cbteln the distribution of T
are the coefficilents agp4y. The downwash produced at points on
the wing by the 1ifting line end 1ts tralling vortex system can be
expressed. in terms of these unknowns by application of the Biot-Savart
law to this equation. (See appendix B.) Equating the expression
for downwesh engle to the slopes of the meen cember lines at these
points produces a set of equations which contaln the unknowns &on+is
simulteneous solution of these equations eveluates the coefficients.
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The Weissinger Method

From extensions of the Multhop procedures, Weissinger developsd
-two methods of obtalning span .loading, one based on lifting surfece
concepte, the other on lifting line. The 1lifting surfece method, however
amounted to little more than a substitution of thu theoreticel
edditional chordwise loading, represented by 7 = constant X V cot £,
for the ccncentrated load of. the lifting~line method. Acocordirg
to We:lssinaar the surface method proved tc be coneidorebly longer,
and gave results with, an eccuracy only slightly superior to thuse of
the line method. Fer this reason, only the latter is -describad
hereln.

As In the Mutterverl msthod, the continuous chordwlse distri~
bution’'of vorticity is concentirated into the circulation of a
1ifting line. ‘(See figure 1(c).) The Lstribu‘bion of this circula—
tion is then specifled by

G(op) =m+l ?‘ Gn - i s.':l_n Ha®n- 8in uz® (3)
n=l pi=1 P

The circulation  I'(F) ie represented nondimensionelly as G(7)

in thls expression snd the unlkmowna to be evaluated are Gy, the
clrculations at specified locationas aiong the line. Tha downwesh
produced at points within the plen foim by the 1lifting line and

its trailing vortex aystem can be expressed in tems of these
unknowns through application of the Biot-Sevart law to equation (3).
(See -appendix C.) Iquating the expressions for downwash angle 80
obtained to the slépes of the mean camber lines at these pointe
results in a set of equations with unknowns Gp. Simudltaneous
solution of these equations evaluates the unknowns.

EXPERTMENTAL DATA

Pressure data were taken at a tunnsel speed of 90 miles per

hour walch corresponds to a Reynolds mumber of approximately
9,000,000, Data were taken over an angle-of-atteck range —3° to
9° Plots of the chordwise distridution of pressure ccofficient

P =(p-D,)/a at several spenwise stations were drawn and integreted
to obtain the. local 1ift at these stations. These values of loocal
1lift were then plotted against angle of attack, and the resulting
locel lift—curve slopes were used to obtain the curves of the epanwise
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distribution of additionzl load and of sdditional 1ift ccefflcient
shown herein. The maximm orror in any local lift-curve slopo es
the rosult of scatter, etc., is estimeted to be 0.C02 per degree.
Such en error would produce a veriaticn of the distribution curvas
of ebout one-half to ome—third the magnitude of the dlscrepancy
between tke theoratice.lly comp'.rbad end the ax;perimenbe.lly obtalned
curves.,

RESULTS AND DISCUSSION

Comparable sponwise distributions of the loading coefriclent
cien/CLcav &8 calculated by the threo methods and as determined
from the experimental surveys are presenisd in figure 2. Similar
prosentations of locnl 1ift coefficlent c1/CL, are prosented in
figure 3. The theoretically prodicted velucs .of lift-curve slope
dCL/da. and spanwlse conter of prossure position for the different
winge are presented in tablo I.

From figures 2 and 3 it 1s apraront that all the thoorctical
methods” tend to predict higher loadings at tho center and lower
loadings at the tip than were moasurod. In gensral, the Fallmer
method errs less in this respoct than do the others. Mubtorperl
distribution represemtations for tho swept-back and unswept wings
are only slightly lese accurste then those of Felknor. On the .
other hend, for the swept—forward wings tho Mubtorporl dlstribu—
tions departod from the experimental distributioms to the .extont
that they must be considored unusable. Welssinger distribution
represontetions were equally accurats for swept—back and swopt—
forward wings. The average accuracy for this method wes ocnly
slightly less tnan that of the Falknor mothod.

In rogard to tho cventer of pressure -positlon and lift-curve
slopo, the closest predictions in all instencos were those made by
the Falknor method. The Mutterperl mcthod, in the range in which
its epplications may be considered useblo, wes also quite acourate.
Tho Weissinger method gave good center—of—prossure positions in all
instences and accurate valyes of 1ift-curve slopes in all instancos
excapt for th& +45° swept wing.

Tho time studies of the calculations indicete tha% the Falkmer
method tekes from 24 to 32 hours. Tho groater part of this time,
16 to 20 hours, 1s consumcd in detormining the valuos of the down— .
wosh factor F for the difforent voriices. The major part of the
remaindor is neoded for the solution of the simultanoous equations,
which oftoen prove to be ill conditionod. Tho Mutterporl method -
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tekes from 20 to 28 hours, the greater pert of the time being

consumed in the Siwmpson rule integ;atiun of the factors X! to Fg!'.

The Weissinge: method ueing m = M = 7, takes only 2% to 3 hours, . : =
in which there is no phase thet consumes an outstending amount of -
time. -

It has been stated previcusly that the dection lift~curve
slope ¢}, of all sectloms on all five wings was assumed tu be
0.1030 per degree. The thickness verlations from root to tip,
however, indlcate that variations in ¢y, prcbebly exist for each
wing. Unforttma.tely, the distortioms of the sectlions resulting
from the manner In which the wings were congtructed precluds an
exactdetermination of what the variation might be for all but the
unswept wing. For this reason, the readily applicable correction
to theory (see eppeniixes) for a variation in ¢}, was not
included in the computations. While this correc'bion would
account.at least in part for the aforementioned discrepancies
- between theoretical and experimental loading distributions, it
should not slter the relative eveluation of the three methods,

In consldering the three methods it should be noted that two
of them, those of Weissinger end Mutterperl, heve identicel asro—
dynemic approaches and differ only" in the mathematical procedure.
It would be expected, therefore, i1f no compromise were made in the o
mathematical accuracy (i.e., if a large number of teyms wers used o
in the series), identical results would be obitained. Further, if
gimlilar limiteticns wore impressed upon the two methods 1t might .
well be assumed that resuits of compareblo accuracy would be
obtalned. The failure of the Mutterperl method to predict :
acceptable loadings on the swept-forward vings 1s inexplicaeble on . - -
these grounds apnd, as & result, must be attridbuted to an inconsist—
enoy introduced In the mathematical development, An additional
advantage of the Welssinger method 1s that 1t lends itself to the
Pretaebulation of e mumber of constents which axre applicable to the
solution for any plan form. It 1s because of this that the Weissinger
method proved less time consuming than that of Mutterperl which | o
cennot be handled in this menner. In general, then, it i1s apparent
that the Welseinger method offers several advanteges over the
Mutterperl method, which, however, stem entirely from “the mathematical .
Phese of the solution. Insofar s the aorodynamic concepts are =
concerned neither method should be expscted to be suporior,
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The Falkncr method offers a definite aesrodynsmic adventage in

that the wing is represented by a lifting surface rather then a
11ft1ng line, From a considorsation cf only the spenwise distribu—

ton of loading, the time required tc use the Falkncr method appsars
excesslve when the very minor Improvement in accuracy is recognized,
However, if surfece loading or chordwise loading were desired, the
mothod would undoubtcdly show marked superiority. The relatively
long perlod of time reguired t6 obtaln a solution by this mothod
is In great measure a result of the large number of purely mechanlcel
functlons inhorent in the mothod. It can be expoctod that such
processes ere smenaoble to randling by mechanical moans if sufficient
use ls to bo mrde of the method to wervant tholr comstruction. One
such ald of relatively simple formr has becn spplied in othcr spon~-
loading computations using the FPalkmer method and resulted in cutting
the computing time by 30 percent with no scrious loss in ccourcacy.
It coneisted of constructing a large—scalc conbtour chart of the down—
wash fleld around n horseshoo vortox and using thie in conjunction
with an eppropriatoly scaled drawing of the wing to road directly
the downwash at the variocus control points. .

A further advantege of the Felkncr method over the lifting-line
mothods can bo scen in tho incroosed floxibility resulting fram the
system of finito vortices which permit application of this method to
a variety of plan forme beyond the scopoc of the othor mcthods the
lifting line pattorn and control-point positions of which are
foirly rigldly specifiocd. In this regard, Falkner hss successfnlly
applied tho mothod to a pterodactyl wing ard to & wing with a
parsbolic 0.25¢c line. - It should be remombered, howcver, that
should the plorn form be of such £ ncture as to require a modifica—
tion of the vortex luttice, the work involved will be conaidorably
Incroased.

COICLUSIOFS

From the rosults of the subJjoct invesgtigation the following
conclusions have beon drawn:

l. Whore an over-all study of the effecte of swecp and plon
form on span loadlng, lift-curve slope, etc., im desgired and
where good accuracy 1s Gesired for minimm effort, tho Woilssinger
" mothod 1is most useful.
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2. Where a detalled study of a epee¢ific wing Is deeired and
utmost accuracy 1s Important oven at the expense of considerchble
computing effort, the Faollmer mothod should be used.

3. The Mutterperl method offered no advantages over the other

-~

mothods either. in terms of accurccy or facility.

Ames Aeronautical Laboratory,
Nationel Advisory Committee for Aerona.utics s
Moffett Field, Calif.
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APPENDIX A.- PERTINENT INFORMATION AND COMPUTING PROCEDURES
. FOR USE WITH THE FALKNER METHOD

Selection of the Vortex Pattern

The rclative strength of thse circulation of the vortices in a
network, as expressed in terms of the vmiknowns In the series
equation (1), depends upon the vortex pactern and the terms 1n the
series. only, not upon wing shape. Tables of such clrculations
can be set up for use with any specified pattern. Falkner, on the
besis of his applications, selected the patiern of 84 vortices
shown in figure 1l(a) as sulteble for most wings. ile it is
recognized that other patterns might produce more accurate results
in particular instances, the adventeges of this reguler pattern
in reducing the computational work are great and hence 1t wes
ugsed for ell applications included herein.

Limitations of the Seriles

The number of terms in equation (1) required to obtein a good
approximetion of the load distribution depends on the raplidity with
which the series converges for each application., For the calculation
of symmetrical loeding, Falkrer concluded that a minimum of three
chordwise and three spanwise terms (nine umknowns) should be ueed
for all swept wings, while & minimum of two spanwise and three chord—
wise terms (six unimowne) should be used for straight wings.

It should be recognized that, as it la glven, this series
will not converge wken attempting to approximaste a surface loading
vhere discontinuities exlst such as those resulting from partial
gpan flaps. A slight modification to the series, however, will
enable 1t to approximate the loading where such a discontinuity
occurs. Falkner has determined the necessary modification in his
investigation of wings wlth flaps and allerons deflected.

Determination of Circulation of Network Vortices

Once the vortex pattern and number of terms In the basic
series have been established, the circulatlion of the vortices as
expressed In terms of the unknowns in equation (1) can be determined
by replacing the continuous vorticity chordwise and apanwise of
equation (1) with the concentrated stepped loading of the lattice.
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The chordwlse c¢concentration of the lpad is. determined by the
condition that, at points located midway betwson the loads (at
one-quarter, one-helf, and throe—quarter chord), the downwash
produced ty the four chordwise loads Ty be tho same as would bs
produced by the continuocus chordwise loading in two—dimensionsl
flow, end the limitation that the sum of the imolatud lcads be
equal to the Integral of the continuoua lpad.

When only the first term in the ohord.wise serias of- equation
(1) is comsidered,

7=§§Ic_=_‘;sm.§.~1 Z-ﬁ eo,n cotﬂ (A1)

n=0

or, since only chordwise loading 1s being considered, all factors.
which are not a function of the chordwise verlieble & cau be put
Into a constant A whera.

A=85tanm\/l—a’|‘2}g'ﬁnao,n ) (a2)
n=0 '
then
7 =& cot § (43)

Then 1t can be shown that If the . flow ls ccrsidered two dimensional
the . downwash angle at any point along the chord 1s

¥4 —
vV 2c¢
and
[ gt a8 cotfomoto =™l (ab)
g ]2 4 =2'-/°" ot B A e
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Tho following four oquastions may thereforo be obtained:

Tia+Taa+ Tapn+lon=5%va (a) 3
61,0 ~ o —Fan - gr = VA (b):
. 2 ]
\

. , (25)
gfz,n + 8y p ~ 8g,a %‘4,1, = Vi (c) 'I
%PI,A + g-l‘e,;:, + 81'5’1._ -8, p =uVA (a) J

whore equation (a} equates the integrel of the continuous loading
to the sum of the circulrtions of ths separate loeds, and oquatlons
(p), (c), and (d) cquzte the downwash at tho threc pivotal points
es produced by the continuous leading to thet producod by tho four
loads of I'y. A simultencous solution of thess equations gives tho
incremente of clroulation of the four chordwlse vorticos which are
eguivalont to the continuons loading reprasentad. by torm 1 of
equetion (1).

A simlliar solutlcp whon
Y = %I sin 6 -(£.6)
whoro

= 88 ten o /102 A2 a1,n _ (1)

[>~1s

n=0

gives tho clrculation—incroment distridbution which is oquiveient
to the continuous lo~ding oxprosscd by the Becond chordwise term
of equation (1), znd so forth.
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The circulaetion®of a gpecific vortex maey then be expreased by -

or if

I“V,A = AVﬂGv,A, PV}B &= BV“GV,BI’ rv,c = CVTIG'V’C . =

The substitutlion into this eq_I_J:at*on of the values of A4, B, ete.,
Introduces the spanwise veriable =,

Iv,n = sV tan u.,/l—-ﬁ’" (Gv,a (ao,o + T ao,x + §° ag,p...)

+Gy,B (81,0 + fay,1 +T 21,2 + ...)

+Gv,¢c (82,0 + N az,1 + M2 8,2 + ...)

+ ..] (£10)

Since the cilrculation of epecific horseshoe vortices ia now N
beling consldeired, the ocirculation no longer varies continuocusly _
elong the span but remains conetsnt throughout the length of the =
bounded lines. This ls equivalent to the assumption that the :
continuous loading ls stepped at lntervals equal to the length
of the bounded lines of the network vortices. The continuous
veriable 7 of equation (1) or equation (A10) is tkerefure replaced
in a new equation by specifio values u of 17 which indicate the
midpoinis of these lines. Thils new equation which expresses the
circulation of any network vortex is then

The valuea of Gy, Gy, eand Gy,C presented by Falkner in

reference 1 wers found to be in error. Under the direction ) -
of Mr. Arthur Jones these values were reccompnted at Ames,

and the values a0 obtained are presented in tebls Al.
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. NS
Ty, = 8xsV tan o &/ l-is [G'v,A (:sto_'(J +HBy L+ B2 8, * eee)
2
+Gyp (8; 5t ke, + 8,2t o)
2
+G\,,c (451.2_’o tpha, tiHPa, o+ ces)

$ eee ] (a11)
or for a symetrically loaded wing

Ty,u = 8V tan a1 2 ley,a (eg,0 + 12 85,0 + U 8g,q + +e0)
+Gyp (8 o+ M8, s +u¥a  +...)
+ Gy,c (5-2_,0 + 1F 8z,2 * y 82,4 + ee)
+ eeal (a12)

Examination of this equation will show thet, as has previcusly been
indlcated, the known parts of the equation y; Gy,A, Gv,B, otc.,

are independsnt of shape. The products of these factors
uB 12 Gy,a, 1R Gv,B, etc., have been tabulated for mse in

any application in which the 8l-vortex patiern is used. (See table ATI.)

Selectlon of Control Points

Bince oms equation is formed at each point and since there
should be the sams number of equations as there are unknowns, the
total number of polnts selacted is determined by the total numbsr of
vnknowns reteined in the series squation. Further, tha spanwise end
chordwlse distribution of control points must correspond to the
nunber of spanwise and chordwiss terms retainsd in the series. The
locations of the points chordwise -end spenwise are limited to posi—
tions mldway batwien or on the center line of the vortices. Asides
from these limitetlions, the exact cholce of location romains s matter
of experience. Falkner found that for a calculation of symmetricael
loading the arrangement presented in figure 1l(e) resulied in good
eccuracy for wings with sweep. This arrangemont has boen usad in
all ths calculations presentsd hersin.
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Determination of the Downwash

The downwash p:::-od.ucad. by a simple horseshoe vortex of circula—
tion ' 1is expresmed by (reference 1)

e |
% R | N
where -
p o T/ (VT (772 _ x%ey/0)2 + (pi)® (A1k)
x*{y*+1) x*(y*-1)

The downwash produced by a network vortex 1s then from equations (All)
(A13), and (Alk),

+ Gy,B (82,0 + 14 81,1 + ..u)

+ G'V,C (a.z,o + U az: + eee)

+ ... ] F (a15)
or for a symetrical wing
¥ = 40 tan an/IHZ[ Gv,a (80,0 + K2 80,2 + ...)

+ Gy,B (81,0 + K2 81,2 + ...)

= Gy,c (az,0 + 12 ag,2 + ...)
+ 0.0 ] F : - ' (A16)

The coordinates x¥*, y*, and consequontly the factor ¥ can be
determined readily from wing geometry. In this rogard, plots of the
function F versus x* from O to 20 have been prepared at valuos
of y*=0, 2, 4, 6 .., 40; however because of thueir size these
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charts as such havo not been included in the report, but the tebular

data necessary for their construction are given in tabls AIITI. In

addition, examinetion of (Alk) will reveel that if y* is constent
P (—=x%) =Fy + F2 - F (x¥) (A1T7)

wvhere Fi +Fz is a function of y* only

2 2 -
P Fo = —_—
1+ F2 = _ _ . (818)

For this reascn table ATIT ccnteins only positive values of x¥*,
end the function Pi + Fz 18 pressnted in table AIV.

Bumatlion of the dowwash at any control point now results in
. an expression oontaining the unimowns aj , +@and their mwmerigal
coofficients vhich ers products of the tabulated values p@,/1-p2,

Gv. A, Gy B, Gy g, and P, In this regard it should be noted that Zn
+thé" Bummé, ione"gor a symmetrical (sbout rcot chord) wing, the down-
wash factars ¥ for symmztricelly located vortices may be edded
together prior to the multiplicstion of these factors by the circula~
tions of the vortices, since in this instence the circulation of sush
e pair of vortices will be idsnticel.

Solution for Ad.d.:'."bional Loading

To obtain the additional loesding, the wing is coneldsrsd a flat
plate the slope at which any point is tan ¢ = ¥, Substitution of
this valus into the downwash expressions, as ucted at the
poverael control points, rosults in a set of equations with unknowns
em,n. Simultansous solution of those equations evaluates the
unknowns which can then be introduced into asqustion (1) to produce
the desirad expreesion for-additional loading.

The follcwing expressions can now bs derived readily from
equation (1):

% = f%:g-a- (1680 ,o-l'&’-l,o*'l‘ﬁ-o,ze%i,a"‘?ﬂo,ﬂalﬁ) (a19)

oy _ (1+\) 16 VIR [28, ota, o+ (28, qu-i-x:a».liglﬂif'i(23,04,,,%3.1'_,,)]

CrL * [1-(-MT ] (16a,q188,,othe,, o420, , 48, 48

(220)

[oX 73 1:4)
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o1 %n . 32,/1-57 [28-0;0*0-{.9+'TT2(23-Q.E|'_§';,2)+7“A‘ +03 4] (a21)
CL cav #(1680,0t8e1,0tha0,zt2e1 , 2+280 4 481 4)

32 [35(Pag ote1,0)+14(2e0 pta; ( tey )
ep = 05w (T6ao, 0488y, oHhog o+ 2“1*2——*‘2%%;:—’)"4 (a22)

into which the coefficlents ay n, must be substltuted to obiain
the quantities Indlicated.

8olution for Basic Loadlng

The determination of the basic londing on n wing with cembor
end twiet can be accamp.ished in several waya. The simplest of these
is to caloulate the total loading, besic plus additicnel, at somo
finite 1ift coefficient end then to subtract from thls the additional
loading es calculated for that lift coefficient. A solublon for the
total loeding on o comhered. and twisted wing is jdentical with that

of e flat-plate wing up to tho formation of the simultanoous equations. -

For the flat-plate wing all local geomotric angles of ettack were
ldentical to the ' wing goometrilc angle of atteck; in this instencd
local geomotrical anglos of attack are in add.*'bion functio-z of
the cember and twlat.

If the midwing section of the .wing is choson as a referonce and
sot arbitrorily at some engle ag, then the locsl gecmotrical
englos of attack at the various control polnts are known exactly;
however, the angle a of tho refurence from the zoro 1ift snglo of
the wing is not known. To obtain a solution undor these circumitences
the voluce tan.a)sapl end tan ag ero substituted for w/V and
tan o, respectively, in the downwash exprossions, and a solution for
the coofficiente &y,p %8 Obtalnod in which, howsvor, those cooffi—"
clents will be in error by the factor tan o/tan ag. If those cooffi-
clents and the factor +ten o are thon introduced 1 bo 'bhc ezprossion
for 11f% coeffliclont.

CL = i;'%ﬁ ton a(16e,0t88 1, ghe o, 828 1 ;420 ctay ,) (423)

the 1ift coefficient for the anglo of attack o will bu.obtainod,
since tho error introducod by using og will.bo nogatod by the orror
in tho coefficleits om,n. In other words, thc resuli is tho samo
as 1f tho corrsct values of napm,; end tan.g hod boon insorted into
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equation (A23). Similarly introduction of tan ag and the incorrect
velues of 8m,n into the following:

cqon = bxs tan o /172 [2a°,o+a1,0+71?(2&°,a+a.1,2)+’ﬁ4(2a.°,4-|-a1,4)]

(A2k)
will result in the valuss of the ordinates cf the total laading
curve for tan a Now if a solution is effected for the additional
loeding, as previously described, and the valus of the lift-curve slope
dCr,/da thus obtained from equstion (Al3) i1s divided into the valde-
of Or, obtained from equation (A23), the correct value of the wing
angle of attack tan o will result. IPf thie value and the cosffi-
cients &m,n of the additional loading esre than substituted into
expression (A2k) 5 the ordinates of the additional loading curve will
be obtainsd. Subtraction of these fram the ordinates of the total
loading curve will result in the ordinates of tha dssireﬂ. basic
loading curve.

Correction for Section Lift-Curve Slope .

Through the generel dsvelorment of the method all ssction lift—
curve slopes were assumed to be the theoretical 2x per radians
(0.1096 per deg). As this assumption is not valid for all sections
the final expression ‘for vorticity will be in error unless a correc—
tion 1s applied. IXf the ssction lift—curve .slope is the same at all
sections of the wing, the error may be corrected by simply multiply—
ing each coefficient a, , by the ratio of actual section lift—
curve slope to thooreticil section lift-curve slope. A varying
section lift-curve slope can be accommodated almost as sasily;
Lkowover, in this instance the correction must be introduced into
equation (1) as a function of the spanwise variabls T.

. Computing Instructions

The following instructions apply to unyewed straeight tepered
swept wings without camber or twist.

The coordinntes x*' and y*! .rela.tinga.]_'l. vortices and
control polnte to the center sectlon lsading edge of the wing are
calculated on form A(1l) using the relations
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yrt =20 e .
80v: e /e
1 = - - -— e,
x*' = 20 |p|ten A o5 (L -"(3-2) Jufl (a25)
for the vortices, and
y*! = 20
xt! =20 [f] tenA — (':'L%%’E [1- () |7 (A26)

’

for the.control points. 8Since the wing is symmetrical x*' will be
the same for similarly loceted vorticss on secih wing helf, and the
values of y*! for ths left wing will be the same as those for the
right wing, although of opposite sign. For this reason these values
only need he ccmputed for pobitive values of T or H.

The values of x* and y¥ relating a control point to each of
the vortices are obtained by subtracting the values of x*' and
y*! of the vortices from those of the control point, colum 9 or 3,
form A(1l) from a value in column 18 or 12, form A(l), respectively;
x* and y¥ are thsn tebulated on a form A(2) , using a separste
form for each control point. It should be notad thet since the
coordinstes of the vortices at p = 0.9625 are based upon a unit
length y, ome~quarter normel size, x¥ and g% for these
vortices are four timea the normnlly oslculated valuss. Lestly, by
virtue of symmetry of plan form, the coordinates can be tebuleted
80 that two values Jyp* and yp* exist for every value of x*.

These coordinates are now used to enter charts of the downwash
function P as preparsd from the velues in tablo AIII. Ths values
obtained for the vorticos at u = 0.9625 should be multiplied by
four. Boceuso of symmetiry of loading, Fp and Fp con be end aro
added togother.

The simultanoous equations set up in tabular form in form A(3)
ere now ocbtainod es follows: -Considering the first equation or

colum 1, the second number, ths numorical coefficient of ao0,o0;
18 obtained by multiplying 'Ehe valuyes of Jp + tﬁo in column

form A(2) as detarmined for centrol point 1 by values- listed
under a5 o in tablo AIT and summing the products. Similarly,
the third’number in column 1, the numerical coefficient of -a; o;
is obtained by multiplying 'bha values in column 7 by the ve.lueé



NACA TN No, 1476 27

listed under a3 ,0 in table ATI and suming the preoduct. The process
1s repeatod using the values listed underx a2,0, 80,25 6tc,, until
the entlre equation is ocbtailned,

The second equation, columm 2, form A(3), 3s set up in the same
manner except that tho values in form A(2) as determined for a
second control point ere used. The procedure 1is then repeated
until the nine requirod equations are formed,

The constant numbcrs, row 1 of form A(3), arc obtalned as
follows: The downwash at control point 1 is

%_’.- 40 tan o X column 1, form A(3)

or
w[! 1 -
(tan a.) (55) column 1, form A(3)
Equating %’— to the slope of the plate, ten «,

I(-% = 0,0250 = columm 1, form A(3)

In like menneir the constants for the other equations ere also
0,0250,

The equations are set up in this mammer to facllitate their
golution by the method outlined in reference 4, Of the various
methods for solving a large number of simultaneous equations
which were tried, tihe method of referonce 4 was found to be mest
repid and straightforward whero only standard computing machines
were avalleble,
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TABLE AI.~ CBCRDOWISE FACTORS G FOR VORTEX

PATTERN UTILIZING FOUR CHCRDWISE VORTICES

v Ov,a | ©Gv,B | Gv,c
0.125 | 0.27337 | 0.04502 0.07282
<375 .11680 . 07598 .03823
.625 . 06947 .07598 -.03823
.875 . 04036 . 04502 -.07282

COMMITTEE FOR AERONAUTICS

NATIONAL ADVISORY

30
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TAELE AIT, PRODUCT OF OEORDWISE AND SPANWISE PACTORS FOR am,n 20 EB
USED WITH THE S4-VORTEX PATTERN SYMUETRIOAL LOADIWG
NATIONAL ADVISORY

COMMITTEE FOR AERONAUTICS

T o [ [ oo [ | [ [
for for for for

v K for . for for for
20,0 Ori0 | %20 2,2 .8 Sa,n S0, a1, g4
0.1%8 0 | 0.27337 [C.0402 | O.0728%7 0 0 0 o e 0
1 «27200 «O4877 «07248.] O00RTYL »00049 «00072 «00003 (4] «00001

o2 «26786 «04£803 «0T138 «01072 «00192 00285 « 00044 -m «0001I8
o3 «36077 +04678 <0847 | 02348 | .00421 «00628 +00210 +00038 +000ES8
o «25054 «04463 086874 | 04008 «007T19 «01068 «00842 +0011% | JOO1IEL
o5 23674 «04245 +06308 | 06518 +01061 01877 +01479 «00258 «00364
o8 «21870 «03622 +0882¢ | .O7873 +01412 +02097 02638 «00508 «00758
o7 «166381 +03801 «05800 | 09585 «01718 +02848 «04888 +00841 «01249
8 «18402 202541 «O4360 | 10467 +01882 «08756 «0871% +01208 +017980
o9 »11916 02137 «03174 | .09653 «Cl1731 «0R871 «07818 «01402 «0R083
«98235 07417 «+01330 «0197€¢ | 08870 «01232 «01830 08384 +01141 «01695
378 ] «11680 + 07568 +0382¥ 0 o ("] 0 0 0
ol «l1l622 +07860 «03804 | 00118 «00075 «00038 «00001 «0000L 0
2 oll444 « 07448 03748 1 00458 +00898 «00180 «00019 »00012 «00008
3 «11142 «07248 03847 | 01003 + 00053 +00388 +00080 +00058 «00028
ok «10706 +08884 «O3804 | .01712 01114 + 00560 00274 «00176 «00080
o8 «10115 « 08880 «03311 | 02529 «01648 «00828 +00832 «00£11 +0R07
6 +05344 «08078 +03088 | 03364 +02188 «01100 «01211 «00788 + 00568
o7 «08341 05426 +02730 | 04087 »02659 +01338 +02003 +01303 «00888
«8 +07008 +04559 «02294 | 04485 «02018 «0l468 «026TL +01868 «00840
o9 «05081 «05312 «01868 | 04124 «02683 +01380 «05340 «02173 +01083
«96285 +05169 «02081 +01037 | 02534 01909 «00961 «02709 01769 +00880
825 0 08047 «07508 | -.03823 0 0 (] 0
ol 206913 +07660 | ~.03804& | 00089 «00078 |} =, 00038 +00001 +00001 0
2 «08807 «07T448 | ~403T48 | 00272 «00268 } =-.00180 «0001X +00012 | =400008
3 +08827 07248 | =.03647 | -00587 «00883 | -.00328 +00083 «00088 | -.00080
ot 08567 «08964 | -.03504 § .0lO18 «01114 | =.00580 +00163 «00179 | =+00060
] «08016 08580 § =,03311 { .Ol504 «01&45 } ~.00828 «003T6 «00411 | =.00207
o8 «08588 +08078 | =.03088 | 02001 +08188 | =,01101 «00720 «00768 | = 00368
o7 «04961 «054268 | =.02730 ] 024351 «02689 | =,01338 «01161 «01303 | =.00858
8 « 04168 +OL5B9 | -,02394 | 02888 «02918 | ~,01468 +017086 +01868 | =.00940
8 « 03028 .03812 -.01688 « 02483 +02683 =9 013580 «01987 «02173 = 01098
[} 96265 001885 «02081 - 01037 «01748 .01909 - 00881 .01617 [] 01769 =00890
«878 0 +0L038 «04903 | =,07282 0 0 0 0 4] 0
ol «04018 o«O48TT | =.07T2348 | 00040 +00044 | -.00072 0 1] =+00001
e 1 «03954 «04803 -.07185 .00138 « 00152 = 002856 + 00008 00008 -.00018
3 +03850 +OAEY8 | =o06947 | LOO34T «00421 | -.00828 + 00031 «00038 | =.00056
ok «03699 «0I493 ] =,08874 | 00562 «00719 | -.01088 «00085 00118 ] =,00171
8 +03496 04248 | «.08308 | 00874 «01081 | =,01577 00218 «00265 ] =.00364
o8 +03329 +05822 ) -.06828 | 01162 «01412 } =,02097 «00419 «00808 | -.00758
+03501 | =.05200 1 .0l4)2 01718 { -,02548 «00652 «00841 | =.01249
«8 «02422 +0R294] | -,04360 | 01550 +01882 ] =.(2706 +009952 +01208 | =.01760
9 »01769 o02137 | =.03174 § .01425 01731 ] =,0RB71 «011854 01403 | -,02083
«5628 +01005 01330 | =.016768 | .0l014 «01252 } =,01880 «00540 «0114% | =-.01695




TAEIE ATIT.- DOWEWASH FACTOR ¥ IN THE FIELD (F A HORSESHOR VORIEX

[At positive values of x* only)

o 2 (2/x) r
Y'm0 | 7= yra=l 6 8 10 12 14 16 18 20
0l2.00000 |-.66667] -.13333 | —.05T14 |—.03175 | —.02020 {—,01399 | —.01025 |-.00785 |-.00619 |—.00502
.111.90020 §-,62234 ~, -.05616 |~-.03135 | —,01999 |-.01387 | ~.01018 |—.00780 |-.00616 |—.00hgg
.2|1.80200 —.7{8‘;3 ~.12625 | —,05519 |-.03093 | ~.02980 |-.01375 | ~.00011 |~.00TTH |-.00612 |—.00M9T
3l1. 70647 {—.53659 ~.12271 | —.0542) 1--.03053 |—.01959 |-.01364 {—.00003 |-.00770 ~.00600 {--.00493
Jl1.6148% | —.h9621 —.11920 | —.05326 |-,030011 {-.01938 |-.01352 | -.00996 |—.00765 |- ~.00491
511.52788  [—.458190 ~. 11573 | —.05226 |- —.03919 |~.01340 : —.00988 -,00760 [-.00602 |—.
6l1.8h603 |—.420691 —.11208 | ~.05130 |~.02934 | ~.01897 |-.01329 | —.00981 |-.00755 |—.00599 ~.00UB6
711.36958 |-.38081}~.10889 | —.0%03% |~.02803 | ~.01878 |-,01317 | ~.0097k | -.00750 |—.00595 [-~.00484
.B|1.2084k |~.35057] —.10555 | ~.04938 |~.0285h |--.00857 |—.01305 —.00967 | —.007h5 |—. —
.9l1.23254 {-,33186] ~.10227 | —.04B43 |—.0281h | -.01838 |~.01203 | -.00959 |~.00THO |-, -, 00478
1.001.17258 |--.30655 —. - 04750 | —,00TTh | ~.00807 [—.012B2 | —.00952 |-, —.0058k [~.004T6
1.5 .92963 |—.200L7[-. 04292 | —,0258L | —,00718 |-.01e2k | -, 00915 -.00T11 [—.00568 |-,
2,0 .76393 |-.14956}~.07093 | —.03863 |—.0239% |—.01620 }-.01167 ' — —.00686 |-.0055L |-—.00hLSL
2.5 % 21032| ~,05986 | —.03468 | —,0221% | ~,01 ~.01112 uooB!m —.00663 |~.00534 |~.00430
3.0 . —.08398] ~.05066 | ~.03107 |-.020%5 | ~,00h35 |~.01057 | -.00810 |~-.00639 [-.005L7 (-.00LET
ki 43845 1-.0 ~.03683 | ~.02k92 | ~-,0L739 | —.01264 {~.00953 | --.00T43 | —.00593 |- 5 |~.00403
6] .305 -025 -.02100 | —.01632 |~-.01255 | —.00974 |—.0CTTO —00620 -, 00508 |-,00423 [~.00357
8§ .23hh4 —-.01318 ~,01112 |—.00918 | —,00752 |-.00620 | —.00515 |~.00433 |-.00367 |-.0031k
10f .19012 ggzé ~.00791 |—,00685 | ~.00587 |~.00500 | —.00428 |—,00367 |-.00318 ;--.00277
15} .12889 |-~ ~.00397 |-,00368 | —.0033% |-,00305 | —.0027% |—.0024T —,00223 |-.00200
20| .09750 ooeus ~.0023% |—-.00223 | —,00211 |--.00199 {—.00185 |~.00LTL |—.0QL5T |-.00148

"ON NI VOVN

QLT



TABLE AIII.~ Cenocluded.
F
x= l .
y 22 24 26 28 50 52 ¢ 4 .56 58 4C

0! ~eD0L13 | -.00548} ~.00296 !..omse| -.c0222 | ~.00108 ] ~.00173 r-.mlm -+ 00039 { ~.00126
ol-{ ~.00412 | -.00346} -.00295 | -.002656| -.00221| -.QOLO5 | -, 00172 ;' ~.00LEA | ~.00138 ~.00L25
o2 [ ~e 00410 | ~,Q0345| -.00294 | -, 00264 | ~«00220| =. 00195 | =+ 00172 | =. 00154 | -, 00138 | -.00124
o3 | =. 00409 | ~.00343| -.00283 | ~.00255| -.00219 | ~.00194 | -.00171 | -.00153 | ~.00138] -.00L24
o4 | ~e00407 | -.00342| -.00261 | -.00252| -.00218| -.00183{ ~.00171{ -.00063| ~.00:37| —-. 00123
«5 | =2 00405 | -+Q0340| ~+00280 | '=aOP261 | =+0CZRB| ~:i00192 | =4 00170 =2 00152 | «.00137 { =.00L23
6| -a00403 | -.00338| ~.00289 | ~.00250] -.00217| ~.00192 | ~.00170} -.00162| ~.00L37 | -.D0123
.7' --00401 -.00337 --0&88 ---00249 --D(EI'T --00191 --00170 --00151 -.00136 .-00012.2
+8 | -+ 00400 | ~. Q0336 ~.00287 | ~.00248{ ~.00216| -.00L00| ~,00189 | -.0015) | -.00L36 | -.00L22
.9 --00598 --00554 ".0&86 —-0&47 —.U(EIB --00190 “-00158 --0.0150 --00156 "-00122
1.0} = 00398 | =2 00535] -.00286 | ~.00246| ~2CRLE | ~+GO190| ~+0CLES | =0 00150| ~000L35 | '=. 00122
1.5 | =a 00387 | =o 00326 =o00279 | ~o00242| =2 00211 | ~y00188 | =a00LB6 | =+ 00148 | ~.00134 | -.00120
2.,0| ~e00377 | =, 00318} ~.00275 | ~.00257| ~.00208 | -, 00183 | =+ 00163 | =+ 00146 ~w00132 | =.00118
2.5 | -.00368 | ~.00811] -.00268 -.0023%| ~.00204 ] ~.00180| ~+D0L61 | -.0f144.| = 00130 | =« COLLY
3,0 s 00568 | =, 00304| ~.00283 | =.0p228] -~.00200| -+ 00177 | -+ 00168 |"~. 00142 | -.00128 | -4 00115
4 | -.00339 | -,00291 | 400261 | =»00818] ~.00163 | ~.00L72 | -+00163 | ~.Q0LB7| ~.00124 | -, 00115
6 | -~. 003086 -.QOZGS —.00330 "'.00201 --00179 ".00160 --00143 -.00139 -.001.17 —-.00106
8| ~+00273 | ~400257] ~.00209| =.00186] -,00166 | ~. 00148} -.Q0L33 | -, 00121 | -, 00110 | ~.00LOL
10| ~200242 |-.0Q0214| ~+QOLOO| =4 00170 ~s0OLE2 | =4 00137 | =2 00124 | =2 00115 | ~400LOF | -, 00096
16 | =s00180 {=+00164| =.00148 | =,00154] ~.00L23 | =+ 00113 | =~ 00103 | =400006 | —.00088 | —. 0008L
20| ~+00185 |~.00125| -.00L16| ~.00108| -.00099 | -.000%2 | ~.0C086 | —4000T| -+ 00074 | ~+0008Y -

COMMITTEE FOR AERONADTICE

QLT "o NI VOUH
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TABLE AIV.- AUXILIARY FUNCTION F, + F, FOR DETERMINING
DOWNWASH FUNCTION F AT NEGATIVE VALUES OF x¥
[Flaxd = Fy 4 Fy = Fl4xx)]

™ F,+ Fp ™ . Fyx Fp

0 .4.éobdi": "2 | -o.coro

2 13388 26 . | =s0069

4 . -.2667. - | 28 “a0051
6 Uodles -+ B0 - 0084

8 . =.0636 32 -,0059 .
10 - o =040, 34 . - _-.0036

12 -+ 0280 15 " -, 02381
.. | . w205 | a7 . re00262
16 © l.ower | e .l w.o0L08.
18 '- -:0124 93 . L -+ 00C46
20 Poloweo T mr- .. -,00020
22 -.0083" T ';.ocezoi.

| ' RATTONAT, ADVIBORY ° -
! ~ COMMTTIEE FOR AERQNATNICH :

-
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APPENDIX B.— PERTINENT INFORMATION AND COMPUTTNG
PROCIDURES FOR USE WiTH THE MUTTERFPERL METECD

A 1ifting 1ine used to represent a wing i3 placed in a posi-~
tion corresponding to ths gquartur—chord lino of tae wing. The
distribution of circulation a.lons tho 1ifting line 1is- ex;re-aad by .
aeguation .(2). .

No generalization can be mnde as to ths number of terms which
nust be retained in the serles Lo anmsure acceptoble zccurccey.
Mutterperl implies that four are sufficlient end utlilizes this number

-n nll epplications. It skould ts noted thot all loadings predicted
by the series as it stenis will be symetrical. In addition,
squotion (2) cannot satisfactorily approximnte a curve conteining
discontinuitios such as would bo produced by flaps or cilerons.
Mutterverl mcds no camment as to additions or clterstions to the
sarles which would enabls circumwvention of thase limltations. As
o rosult, whils 1t is belleved that euch modifications could be
included, 1t is not known to what extent they would increasc the
complexity of the methematical evalustion.

Since 1t can bo shown that in s theoretical approsch asing o
1lifting line at ths quarter-chord line, the downwesh cngle at the
threoe—quarter—chord line most closely epproximetss thoe trus angle
of attack of tho wing, the contrcl ypoints wers placed elong this
line. The nunbur of points required is dictatsd by the number of
unknown cosfficicints rotained in equation (3). The location of
thase polnts spanwiwo is epperently arbitrairy; however, since
Mutterperl placad T on 'bha ight wing half et. n = 0. 17k, 0.509,
0.766, 0.940 (¥ = 807, , 20°), this errcngemsnt has baon
followszd in all e.pp]d.ce'bions presantad. harein.

Dotermiantion of Downwvaah

The expréesion for downwash at e control polnt, s dsterminad
through tho Biot—Savert relation, is : .
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A
= ) e (SN G - )
1=0
+ T gin (Cnil)y . _g_’_f’ép_gs (2n+l)p cos @dp
By - - F

s! cosA sin ir

1 /A cos (2n+l) 1 / Ap—y! \
-ﬁ\_a,,mA)f 2 m“sc:\l*‘h‘]sg ten A )

’_ ar ) "/2008 (2n+l)cp‘coa cp--L.ﬂiQ_ dcp-,
X | Kan+a -.\BR J F(C+F) -

gy [ e L0 ) s i

' J.__ KAL—;V) tan A\ P77 cos. £2n+l)9>d¢1 o
e \ © By - )\/: cos @ + .'ﬂ.,. G i (B]T)

Equation (Bl) may be reduced to a simple expression, centain—.
ing only the unknowns agp+y and thelr numerical coefficients
simply by the introducticn of wing gecmetry and the gecmetry of a
control point.: Such s reduction ghould therefore bes carr;.ed, out
at each of the points.

. Solution for Additional loading

Since for such a solution the wing is considerad a flat plate,
all gecmetric angles cf atteck become sin a =and the constant
factors in equation (Bl) becoms ome. Simultaneous solution of
these equatlions then evaluates the unknowme egn+y, which are
subsequently Introduced into equation (2) to produce tho desired
expression for edditional loading. The unknowns can also be intro—
duced into the following expressions derived from equation (2), to
cbtain the wvalues indicated.
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dCp, _ 2x2pCy - hr2a,
e . B - 2T 1o (82)

c1 _ 2(1)
Cr mai[1~{1-A) cos @]

(a1 sin @ + a3 sin 3p+as sin 3pier sin TP)

(33)

g;c:av = ﬁ:.:L (ag_ sin Q+ag s_inl 3q:+es sin 5¢+a, sin To) (2h4)
=k ( 3B _8&_ . 8

Ticp 3 1+ 55-1_. To + —-Llﬁeq_ | (35)

Solution for Basic Loading

As in Fallkmer, the basic loading on & twisted and/or cembered
alrfoll can best be calculated by dstermining the total end addi~
tioral loading et soms finite 1ift coefficient and subtracting the
letter from the foxrmer. The procedures lnvolved are parallel to
those of the Falkner method as well. An arbltrary angle cf attack
g cean be selected for the root section of the wing, from which
all local angles of atiack can be measured. Substitution of
sin Glosel for w/V and sin ag for sin o in the expression (Bl)
will resuit in a set of equations which may be solved aimultaneously
for the velues of the coefficients &mn+i. JIf e and 8in ag are
are then Introduced -into the followlng, the correct value of the
1ift coefficlent for the wing at the described attitude o will
result

o = irfar sin o | (B6)

In addition, if the values of agp4y end s8in .ag sare substituted
Into the followlng, an eguation for the ordinates of the curve of
total loading on “the wing at a results.

cion = % (g1 sin @+ag sin 3p+as sin Sp+ar ein 79) (BT)
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If the values of coefficlents obtained for a solution for the addi-—
tional loadlng are then substituted into this expression, the addi-
' tional loading at this coefficient will result. Subtraction of the
ordinetes of this last from those of the total loading curve will
give those of the deslred basic loading cubve.

Correction for ci,

Ag in the method of Fallkmer, the orror Introduced into the
solution by the assumption that all section lift-curve slopes ci,
were 2n can be readlly elimineted. If the actual c3, does
not vary across the wing, the cosfficlients azpi, -sho%ld be multi—
Plied by the ratio of actual '¢c3y to- 2x. If the actuasl value does
vary along the span, thie ratio should be included in equetion (3)
as a function of the spanwise varlable .

Camputing -Instructions

These instructions apply only to unyawed winge devold of camber
and/or twist.

If the local angle of attack sin o 1s introducod into
expression (Bl) in place of the downwesh retio w/V, this expros-
slon cah be writton

ls= i(2n+l)a2n+1(F1+F2+Fst ", By} iTsFe ' 4Fg Ty T 0, Py 4B Fa ') (BB).

n=0
whore

P = (—1)“( A _ A )

Fo = i gln (o+ll ¥ (B9)
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Camputing form B(1l) is used to calculate all factors which remain
constant throughout the summations for any one control point: AR,

Br, A1, Br, s8', C, Fg, ¥y, Fx, Fg, Fy, Fg. The camputation form

for those factors, which vary with n only throughout the surmetions
for any one control point, is presented in form B(2). Computing form
B(3) 1s used to apply Simpson's rule to the integration of Fa', Eyf,
Fg!, Fg', F;! and Fg'. The factor XKop4y, which is independent of.
wing shape and s0 can be applied to all wings, was calculated from the
relation

=" _coa(2nil) do
Kon+a Jé by (B10)
and. iIs presented in the following table:
Control ; _ |. '
point n, Eon+1 i
1 0 2.54928 |
1 8.26392 |
2 8.817152 |
3 6.10976 !
| 2 i O 2.47976 |
| 1 h.586ho|
I 2| ~1.9094h |
'+ 3| -4.63655 |
3 |} ol 2.331201
1 0.47920 |
2 | =3.47696 :
I 3| 3.39776 i
h 0 2.00112 |
11 -1.92340 l
1 2 1.38068 :
31 -0.53112

The results of the Integration are presemted in form B(3).
Foxm B(4) is the form in which the components F are multiplied
together and the resulis are summed producing four equations,
one for each control point. Lastly, the form for the simulteneous
solution of these equaticns (reference 9) and the resulilng veluss
of the unknowns are presented in form B(5).
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A= “lib_/.’:’ tanA s ~LX70 sin A= -.20957 cosA= .20Y63_ sin2 A= 71728 cosz A =—.00628

A 3% (-Q- 2 Re nar | s'e L= pdion9

I [2[3 (4[5 ]&[7][8loo[iI1[i2[I3][14]iB]i6]i7[18]

Control n , - @ ) : - '
e 4 0 o
" ) Fyl & Anj Br B Al .
a2/82) | 20674

11 20"l 9polamasrl-ceusd sossmcadlroorsluaae sorediopydizn veifuo i Jomel. anpd].covuny oti2d 2ot 8
2 _|490°) 744 - 1 -

3 | ¢o°| s

4 180" 17

19|20l 21]22123[24|25]26[2 71282 9|30[3 1[32[33|34|35[36]
s 2 1] G I+ -: ! 69 2 =
8| o] & |01 88 [Tl |50 oo 3 5158 | 20182 L0 0
LC | & Fal f ' Rl R R e
| W18 KE.gxics 1753 | agzasy 1 “p o7 |. _.m?.‘}guz:ﬁ__z. £3ren
(L)
1121314156780 ]10]11112]13}14
Control] Qg | BVay| (6) | 2¢2) (—lf ; @) ls, (1
Point n (ez' "-(1(351‘@ -E)- 15) ~-() :_-f —@7&»«16) a‘Fm sA.
t | o F Mm
[
3
(2) SRR .. X,

Form B:— COMPUTING FORM FOR MUuUTTERPERL'S METHOD
(Underscorcd numbers are sample calculations )
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Control Point— |
Ag= 22609 Bg=.19566 A=./37/0 Bya-)2278 M= 2¥0 {’;ﬁ—,/oogﬁ C= 7.¥/933

1121341516 |71819110111]i2]13]14]15]16]17]{18(19

os | () ' @
nié¢ C“(?)IEC(:);H_ ﬁf(%i ZH-@I”.@ % "'l-{, e (;1):70__4.“(‘%% 6.%5
+2. 3 (N

W) |

O | O [Hiasooo)sooges| Ikorwcots 7N SI206 | LA20F J“E' ﬂzﬁ

5

45.0

675

{ (o]

15

45

60

15

Z o

ki

27

36

45

3
Form B— CONTINUED COMMITAEE Fon ASRMAITICS



1123456 |7(8]9]l0]11[12]|[3]14]i15]16]17]18[19]20

v

FAIZAL A L o

i
=
s
g
vl
11
ad
<
Y

MN\DWN\DLIN\Q

Fquation | 2-

: 3 Qeneet
constant| { ! 1
(- Y]
Qy .
%4 y .
HATIONAL ADVISORY

Form B— CONCLUDED COMNITTEE FOR AZRORAITICS

I
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APPENDIX C,~ DEVELOPMENT AND COMPUTING PROCEDURES
FOR USE WITH THE WEISSINGER METHOD

In the German reports available, which described this method
the mathematical develcpment-was not complete. It was thought
adviseble therefore to include the development in the present paper.

From 1ifting-line theory the equation of downwash at the one—
quarter chord llne of a straight wing is given by

b/2 yye
RRZA 16/ (c1)

Ve =
.Y EE bfa2 . ¥
This integrel equation 1s scolved by Multhopp by an integration
formula (reference 5),

The equation of downwash at any point =xy of a estrailght wing

is glven by _ .
/2 N _
/ 2 []_ + -@] ' (¥) day (c2)

vy = Hlb/a ¥

Welssenger divides this integral into two integrals, one- of which
is the seme as equation (Cl) which he solves by Multhopp's method;
and the other which he solves by a method analagous to that of
Multhopp.

The mathematicel development is as follows:
With G =T /bV, n = 25/b, 7 = 2F/b, ar = b/eq

and setting x equal to the distance to the three—quarter chord
line x = cy/2, the equation (C2) becomes

I 1 ..
A o Jfl "R [1 + T+ (ar)® (n—ﬁ)?] e (M) af
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">
T . rewy LT TV o — .- . .‘_ oW 2 ...\ J'u
. . « T L ¥ .

T .‘ B u. DR '4 ‘.'-:. P i O A
TP G! Ty
¥ - ,&j —g}#—ﬂ i Ta ] o &q (c3)
et 4 A s P L
where . . -‘u Q RS NCHE A A
L - (AT L » L. -

or -

Jitary (cos gy = cos @) =

LA=O (V,l-ﬁ = L[exr(coe ¢u — cos t&)] = ary (cos ‘Pv - cos @)

e . S ey . . LY

“The first in'begral of aquation (03) can b6’ w-r.’:'bten ce-a function

of o. . _ ‘ _
- . 2] 4 L

= —ﬂ—p——-——‘-ﬂ———!—
2n u./:l d.'n Ev:f cos ¢, — cO8 Py _ (c3)

e s

[ - - -~

. ony < con Vi ¥ REan -
co?cpv cos m+1_.'=%: n

in Intogration f'omyla.. glves

Jo—X

e g e e

where On = -BE, £(¥n) is the value of f£(T) at .

I bt e e .
P e s . - . - ..
| . 4 ! ) A Lt L e a e
<

w ol
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Bquation (C6) holds exactly 1f £(7)} can be represented by

_ o em—1 2m
£(7) = 12 Z 7Y = 2_ ey sin v
YVl v=1l

or, in eddition,

£} = —-—) f('ﬁn) i sin BiPp sin Ba1Q (cT)-
n=1 ¢ =l
Letting G(9) = £(p)
‘then
m . S .. .
G(op) =-1_n%i Zc\n Z sin Ba@, sin pi@
n=1 K=l
m m .
ac 2 '
ép m+l Z Gn Z P-l.sin RaPpX CO8 1@
n=l M=l
and the integral in equation {C5) becomes
- f Gp r¥ lJ-l 8in Pi1Pp co8 P3Q an
m+l 5 ._/0 o 1cog @ — cos Py
n=1 =l
Now
co8 18P % 8in nQg '
.[K cos @ — co8 @, a9 - sin @, . . (c8)
or |

m

ki sin K10y 8in Y10y

oo}
e d
[ Z (b2 sin H-:LCPq) (cos ¢ — cos8 Py ap == sin @y

Hy=1 Hr=l
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so that.equation (C5) becomes .

OE)] o § nsnypse

_ ul=l .
o1 E1 sin piPp sin Hipy
m+l iGn i . gin @y . (c9)
nnl ulnl .

The wu; serles. ls lndepemdent of wing gemet,ry and. may be put into
& coefficlent useble for all wings. -

From equation (C9), for n=v, let

Im
il ey ]s'intpv Z vasin® wagy - (C10)
u1=}
end for n # V, let
J i1
B0 = (m+l)—i1n Py 2 Hasin MaPn sin Baby (Cll.)
Bi=l

Then equation (C5) becomes

by, Gy — i'bv,n Cn (c12)

n=l

(Note: The summation prime indicates that the texm of n =¥
should not be included.)

.. ZBxpression (Cl2) gives the .induced angle of attack on the one—
quater—chord line, at the span station Vv, in terms of the summation
of n spanwlse velues of the dimenslionless clrculation.
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b7

Bquetions (C10) end (C1ll) may be simplified with the ald of

the sumation formula

N N
x = real part of % Iz
i By cO8 M3 re bar \L. Hie /:
p1=l pai=l

= mcoa(mille —

2(cos x~1)

ov,v = 3 sin oy

bv,n = sin @n [k+4pﬁ]
(cos @pn — cos gy)2 2(m+l1}

Tha second integral of the integral equation (C3) or
L [1 TA(V,1)G (F)aT
2% 1

i1s solved in an anslogous fashion.

The 1ntegration formula glves

T % [ £(po)+f(PMaa) }ﬁ
/ f(cp)aq:=M+l[ alt(p) f(q!u):[

wasre . ; . -
%::E.lt—.-

(c13}

(cih)

(c15)

(c16)
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Dimensionless circulation 1s given by

m
(o) = EEI Z Gy i s:l.n_ulqan sin u;_cp.

m=l 3=l
or
Gt (o) = ﬁi— SGH ), a8in #a 9g 008 wip
n=l1 pi1=1

Letting

£o(0) = ~2- ), Basin hadn cos w9 (ca7)

Ra=l i

then

G (p) = i Gp fnlo)
n=1 '
Expression (Cl5) may be modified so that

& [T matva erman = - & Moo e)ee

- i - [" [ratvicn 220 | an

n=l
Then applying equation (C16), él- L LA(V,H-) G'(¥)aR

-2 ZMﬂ oo {0000 (en0) BACrted) M) Zw,u)fn o}

. [LACv,0) 1(fp o) +[TA(v,M41) J(Fp Me1 ) i \
i Gn 2(M+l){ . D. + IJ.-_-_llut\(v,mfn..u}‘
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For simplicity let £y (cm) where f (q:u) is from. - ;
equation (C1l7) for ¢ = ® = ux +1

"I‘hen if

[Zalv,0) (£ (” Mi1) (£ i Ia(v,n)fp u}

€V = 2(M+l) o
=t @8
C e L cL

expression (Cl5) becomes

m
Cr Z Gn8y n ' _ (c19)

.. :__-_.,.:

The solution of equation (C3) is two times equation (C12) plus
ary timee equation (CL9) or . .rom

=2<bvav i ,n G-:) Zarv 8v,n Go

n=l n=l
. ) ?;1 . ’ m e
. "'Ebv,va"‘a-I\;Sv,va*Larvgv,nGn"a ) P,n%n
- n=1 L .un.l )
sc that
t
T=(2'bvv+arvsvv) Gv— ) (E'Dv,n ﬂl‘vSvn)Gn
. . . n_.l
or

= dh Gu-—~ gl”.'b*v,n Gn - (¢29)

n=1
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- Where

b¥y = 2by,y + ary 8y,v
(ca1)
b¥y,n = Zbyn— ary g&y,n

_ The prime on the summation indlcates that the term of n =y
should not be added imto 1t.

Equating the downwash to the local angle of attack of the plats,

Ly = b*v G'v —3_‘ b* v,n G'n_ - (GéQ)
=1

For a swept wing the squation of dowmwashk at any chordwise
polnt for y>0 1s given by

Ww= ) [ —___’C_';.Jﬂ_’f..““?é__?1

[2 75 (x — |F| tan A+ (F)

3 = - -
+H[h/er‘y’ Gt AP e &
b /2
e _.__...___._:;I._gin_l.\_,é_wz_ =
" 1"‘£ W T s merE ¥ o)

The first Integral 1s the downwagh due to the tralling vortex
sheot and the last two integrale represent the velocity induwced
by the 1ifting line. By integrating the last two intograls by
parts end rearreanging into dimensionless gquantities, the proceding
integrals may be put in a form similar to equation (C3).

1 - 3
@ = '221.'[1 g—'p.-(%l an + 55-./.:1 La(n,®) G'(7) & 7 (c24)

(Note thot in tho follmring oquation (C25) the squeres under the socond
radical of L,(n,7T) for H§ <0 aro suwmed. In reforence 3 these
wore erromoué&y shown as a difference.)



where for T<O0

. - 2 tenA[len(ar) ton A1® & (gr)2n2
Bl = %W } 1+2q (ar) tan A

ard for >0

TV Sy - Py
Lp(n,7) = =t

ar (n-7)

Bquation (C24) with La(n,7) as given by equation (C25) is for y>0 apd will give
values for only the positive span stations. For values with y<O, expressions similar to
equations (C23) and (C25) must be derived. Values of La(n,W) are needed for y-:.'O 1f an
unaymetrioal wing ip to analyted.

Equation (025)'w1th = cos ¢y and T= cos @, and ar at span station v es ary
for cos @y >0 becomes, for ocos q <0, :

- 1 [l+ar1'ban (cos py ~ |cos @ |) <+ (a:*v)z(coa v — cos qu)"
Lp(vs) = ary (cos Pv ~ cos ) 4 1-2 ary c?fqbv tan A . _
42 tana/[lm,, tan A o g,,!* + (ary)® COB2 Py

142 (ary) cos Py tan A

and for cos qu >0

zA( ' J[l+tery tan (cos @y — |oos MJ* + (ary)*(cos @y — cos @)° =L
A(V,H) =
a:'v “(coB cp‘, — oos tpu)

2 |

"y

3

) (c25)

QLT "cH KL YOVK

5(026)
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Equations for determining Gy at spanwlss points of

21;‘5 = cos m_v:t-'f for any wing may therefore be determined from

equation (C20). t

Sutmarizing the computations, the relation equating downwash
to the local slope of the plate at m points along the spen giving
m equations with m unknowns, -G, 1s

. . .
o w b¥y Gy - L'b*v,n GpVv=1,2, ...n

n=l

where

oy = angle'of attack at span station V

= ME
;75 cos n+l

b¥y = Zby,y +ary gy,v
] . .

b¥yn = Ty BTy By,
b = .__Eﬂ___. , . .o . e
VsV Letn g, L _ A
8in. . 1)V .. -
bv,n = h - ] . e

(cos ‘pp—cos )| 2(m+1)

g‘V,V 8. n.for n=v

..-13-.

(v, )(fn ) + LA(V M+1)
&v,n ° '2"&+15 [E& o 02 _+.- :

L}L v,uJ-) fn,u ]
-

3k

-

ary = 2o = _ms_ﬁm_____ .
cv ‘ehoré. at span station v :

Lp(v ,p.)t for a s‘oraigh'b wlng, sea equa.t:lan (ch)

La(v,n), for a. swept .wing, see equation (026).
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fn’u_q-zﬁi -y -B1 sin p1 @p c0B ki ﬁ’u
}.I.l;l . . ., .. * "'. [ . -t T . ’ ..;

Hhem.ééain_ o L . - .

= -n&
Pn m+1

VI

m+1l
1L 4
P = FET .

The computetions required in the precefiing group of equations
may be simplified If such velues as by y by np for various m's, -
end fp,u for various m's and M's axe fabulated. Then e solution
for any wing consiste of & substitution of wing geometry Ints the
Ip{v,;n) function, equation (Ck) or equation (C26), end a combination
of the tabulated coefficients to obtain m simultensous ecuetions
with m unknowns Gp. R

The computations for a symetrically loaded wing mey be still
further reduced by an alteration to the preceding equations and
coefficlents. For a symmetrical wing with or without camber end. .
twist, the distribution of local angle of attack is symmetricel -
about the center of ths wing.or - .

av + ._
v F Iy o

) v
then
Ty = clxr;+:|.—\:
GQ = Gma—v
V goes from 1 te E-;—l

n goes.from 1 o m

t goes .from 1 to M
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The summstion terms can be written such that n fram 1 tomn
becomes n + m+l-n from 1 to Mk, and p from 1 to M becames

H+M+l-ufrcmltoMgl. (For the cases n:--n%'-‘L and. l-l=m§l”

the coefficlents are expressed as thelr forwer values as will be
seen directly.)

Now if equation (C20) is expressed es

k-

i
ay = (b%y y + b¥y pyap) Gy Z (b%y n + Py mirn) Gp

n=1l
vhere
. ol
n 4 B3
M+l
MRS
V = 1,2’ mﬂ'
Then' .
av = B*VIGV ™~ z‘ 'ﬁ*v’.n Gn f (028)
n-'l
where
+
By = bRy, + by e V=12, . B #M‘é*-l
{c29)
Bn = bW,n + Dipaen Vv 1,2 o - Bk, 0 4 BEL
These coefficients may ealso he expressed as
By = 2by,y + 8y 8y,v
’ ? 1 {c30)

B¥y;n = 2By,n ~ oty Sy :



m+l
vhere 8 i limited in that By =W, o+ by py g for n,é-—- By,n =by  for n=£gl

To £ind E;’n canaidsr the exprssaion for & n

Zi. [L¢(Vs°)](fn,o) + [LA(V;H+1)](fn,H+l) N i LA(V:M"'J') ;i
2(M+1) 2 b=l

€,n = -

The summtion term of g _ can be written for n,d’-’-‘él
>

Z Iy (vauty ZE;A(V,H) T (a1t ¥y O )iy gt (¥ O o ]
pul

+ [LA(‘V ,H—g'.-"-)fn My * Ih(v%}-)fm’ﬁ_g;]
)

m+l
for n =
2

M
> Lylvas) £ %@Acv.m,, MR NCE S STV VI I [:,.,(v,-—-) L&a] (c31)
-1

9LYT *ON NI VOVN
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vhere as tefore

fa,u = i'n'aI Z;ul sin py Bl cos py ﬁ&_[ (c32)

Bi=l
exsmination of equation (C32) will indicate that for n = n%l

() i ] - o

for n f Wkl

A( fn Mi!'- + LA('V; 2) m+1_n’kﬂ

have values only for even w1, but for even Hi, fn’p, = —~ fmiin,p
so ‘that these- tems equal zero. :

Then equation (031) becomes, for n ;ém"'l

M-l
M - _ .
Z_ LA(V,II) fn_,u = . [(fn,p. + fm+L—n_‘p) _LA(\’,U-)
=l o p=l '

o+ (fa,Meap + Fmtr-n,M+a-) Ipn(v SMl-u)]

a.ndfor n=m§l

24 e '
Zi LA(V;M) fn,p. = y [(fn,u.) I-A(V:I-l) + (fn,M+1—p.) Iﬁ(V,M"'l—H)] (c33)
p=l . =

B

Further examinetioh of equation (c32) will show that for only the
Odd B

fn’p,_ = e fn,m+:|.—|..l. T



Bowever, the second summation in equation (G33) has n = m_%} in which instance the even n,
terms in equation (C32) vamish, thus the second swmmation becomes

¥

2
Tpey , [TACYR) = Ta(V, 6034
Yo

The first summation in equatiom (C33) hee terms of fo,p = = Tmeln,p @00 fo Ml = - fmedlon Mel-u

for even p, or the coefficients of Ip(V,u) and L,(v, M+1-u.) vanish for even i, -
In a.dd.:l.tion LT wel-n,p ™ = fn Mel-pt el Ml-y forodd p - or the summatiion is

M-l
2

E (fn, wms1-n,u) [I-A(V,ll) . I-A(V,H*-l-u)]

vhere fn +MMil.n,u 318 obtalned from (C32) for the odd terms of 1.
Tastly,

(fn,0)LA( VLO)*'éfn.MH)LA(V,H*'l) __(fn 9+:!.’m.1..n,o)LA(vlo)+(;n'uﬂ +Pmey -0, M1 )L (V,M41) for o f m+l

_ (&, *fnuy -n,0) EA(V,O)-LA(y,m]_ J_

orn=-9—

where fn o+fpey-n,0 18 taken .for only odd ;. And, for even p; f = fi1.n o So that
a factor’ n,u be expressed as - ! n,0 © Tmi-n,o
m-l
:l’nunrhuforn-Tand.oddu,_

fnu-rn,ppfm_nu:l’ornﬁ-é—andoddu,_

9L4T *ON NI VOVN

y14




fo,u ﬁ@ﬂ’gﬂﬂﬂ—mn#"-;—l. =0 and odd py

.. B ?n,yuznaﬂfornrﬂéﬂ,.uﬂ-and.oddul

and SRR -l.%l' e .. e
B0 = ks zfn,u [TA(V,1) = Ta(v,Med-s)]
_.__u-=0 C

Emnining eq;ua.tion (052)

fn,:.l ~pgin Ky ﬂ

n (i) _ oo ..E:._na)' Banx _ oy ponw
fmirn,n ~ 8lo B3 el gin {pax w1/ = gin pyx cos ey ein e cog Hix

or vhen' p; 18 odd, - Coom e e - CoL

X

fmta-n,u o ln BT

fon = Bpagmip -
Thon, as bofore

M=l
Ev,n =. i M+1) »Z L4 [Im(V,u) - LA(V.M+1—u)} |

(c3k)

QLT "o NI VOVH
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where finally

fn,p fp,u forn = m;:;_ and odd pi
fn,u = 2fp,u for n # E%l and odd Mi

‘fn,u forn;é%]—', i

H
o
-
T
|

?n,u=§g~'“ fornz’-‘-"—"l,u=0, and odd pi

2

end

.2y

= 81 nx_ cos i BL3C_
Y L B 0 {3 1

£
o,k m+l Ml
Bi=l

A further simplification to &yn
the binomial thecrem:

0, and odd pj

29

can aliso be effected. Hom

Ja2 + b2 =a+%££_§£';+%6£;—f255bh$+ ..

-e 103330 B -

for a>b
and
JETE b BB
- L.l Q
a[ a+2<ba) _%-e-_)
for ec<hb
New letting

TEEB \_a.j

;6 \b a/ .LQB(—%;)

(c37)
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then for ¢ =§-

:r(t)=1+§t2—§t4 +-ll6t3 -ngta for t<1

or
(6) = ¢+ &(L) —L72) L1 /1Y -5 (1)
2t =t +2<t> 8\t/ T8 \t)‘ 128 (t) for t>1
(c38)
Equation (C34) mey be written
M=l
=2
B = away ), Ta.w Aalv,u) (c39)
n=0 . '
where
AL (v,u) = Ip(v;u) — Iplv,M+1-4) (cko)
This can alsoc be written
ALA(v,u) = Ip(n,T) — Ia(n,—7) (ck1)
so that from equation (C25)
ATA(v,p) = JI1+ery (1-7) tan__£f+[a£v(1-ﬁ)3-2 . ‘
ary (n-7)
_ 1 N [L+ery (1) tan A]Z +£arv(q+ﬂ)]2
1+2aryn ten A ary, (1+7)
_ 2 tap A . -
L+Reryn tan A o [Ltaryn tan A]"+ [aryn ]
2n (ch2)

T ery(n2~72)
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Then
Ay (v,u) = T(ty)~ l+2a“v3]-th T(ta) + T(ts) ‘tan A]
—- A _L L
T(ty) tan \na-'l'l (ck3)
where

= ——t
b ‘azv(n—-ﬁ) * WBA{

t2=|——%$5)- tan.A'

tas =

1+arvn'ban.l‘;

end T(ty) tekes the sign of (7n~7)
T(ts) tekes the sign of tga -

Beveral of the frmctions of equation (Ci3) are indspendent of wing
parameters and may be tabulated for varicus 1 and 7.

=-;-— = - zl
S S

i K, = —28_, - 2
i= e K

where, as before,
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Then
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ALA(v,u) = T(t) - m [ T(t2) + T(ta) ten {\]

By Es

~ T(tg) ten A~ By K,

where

t1 = |Bv K1 + ten A

tz = |By K2 + Ky tan A

1

t3=

and

T(ty) takes the sign of Kj

T(tg) takes the sign of tg

By Kg + tan A

(clk)

In summary, for the symmstrically loaded wing, .
mtl

2

oy w B¥y Gy — z B¥y,n Gn, v = 1,2 ... mgl-

m=l

B¥y = Zby,y + 2ry By,v

3 -—
B¥y,n = ZBy,n —8ry By g

bv,n + bv’mq-l...n for n_FI mEl

Bva ={

. N
v,y L sin oy
gin Qn A _"i_(_l)n-w
b | ey |

].

L1
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By.n _1s teken from equation (C39); Ala(v,u) is taken from (Chh)
and fn,. 1s fram equation (C35). . )

Limitation of the Beriles

The number of coefficlents Gp required for accuracy depends
upon how rapidly the series eguation (3) ccnverges. Weissinger
used m equal to T, 15, and 31 in his investigation and concludsd
that the results obtained with m egual to 7 were nearly as
accurate as those with m equel to 15 or 31, For this reason m
equal to 7, or four coefficlents have been used in all of the applica~—
tlions of this method presented herein. The number of terms required
in the interpolation function fn,n must also be establighed, Again
Weissinger used M equal to 7, 15, and 31 and found that resultse
with M equal to 7 proved as satisfactory as those with M equal
to 15 or 31. Lastly, it should bs noted that equation {3) cennot
satisfactorily approximate e curve conteining discontinuities;
however, a modification which will enable it to do so has been
developed by Multhopp (reference 3).

Solution ‘for Additjional Toading

Since in a solution for additional loading the wing 1s.
considered a flat plate and all angles of attack ay are equal
to @, equation (C28) may be modified to

m%-l

1 = B¥y % - Zl 'B*v,n & (cu5)
n=

&

Evaluation.of this equation at the several statioms V produces a
set of equations contelning the unknown circulations Cn which cen
then be solved simultancocusly to obtaln the veluss of these
circulations,

. Bubstitution of the values so obteined into the following
expressions, results in the values indicated:

m .

dcy, , TR Z Gy -

do m+1 a sin @n . (ck6)
n=1
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or for e symmetric wi’né,

2
Gty
ac AR
.22 (Fae ) Bome,) (c47)
n=1l
Upam ™oL . '
o 2 ary - i . o (cn8) .
' -c—."E-!-.-=l ﬂ L < ._.-__ .
o = 28R 3 Tife e (ck9)

and from reference 6 for m =7

0.3524G, + 0.503Gz + 0.3h4Gs + 0.0407G4

- (c50)
0.3827Gy + 0.7071G2 + 0.9235Ga + 0.700Gs -

ﬂ-c‘p =

Solution for Basic Logiding

The basic loading on a wing with camber end/or 'bwist can be
determined in a manner exactly paralliel to those of Falkner and
Mutterperl. An arbltrary angle ag 1is selected for the root
section and the values «jocal, measured from 1t. If these values
are then substituted in equation (C28), and if the resulting
equations, are solyed simultenecusly, values of Gn will be
obtained, which when inserted into the follwing expression will
glve the correct 1ift coefficient for the wing at this attitude.

s
Gty \ 3
- uB(G o 2 Gn 510 5 ) (c51)
n=l

If these values of Gp are also substituted into the following
equetion, an expression for the total loading curve will result.

c1 oy = 2b Gy (c52)



HACA TN No. 1476

Of tho values of Gp Obtainod from calculations for tho addi-

65

tional lozding aro then substitutod inbts eguation (C52), ordinates
of the addlitionel loading curvo-will be obteined, which whon
subtractod from thoso of the total loading curve will givo those
of the desired baslic loading curvo.

L8 In the other methods, tho error introduced by the sesumption

Correction of ¢y -

that the section lift~curve slope 1s in all instances 2x can be
roadlly corroctod. The correctlion is accomplishod by modifying the

actual o}

spocific circulation ordinates Gpn Dy tho ratio ———2-;-—5

spocific values of this function at spen station n must be
doterminod if this function vorios along the span.

Computing Instouctions

whero

Tho ALV,n} functions arc doterminod on form C(1) for e
swopt wing and farm C(2) for e streight wing (f8o.zsc = O0).
and Kg are obtalnod

both casos the coefficlents X:, Kz, Ka, K

‘fram teblo CI. In-tho valuos of (%) ,- T(t-a), T(ta) .- oro’.obteinod

In

by aptoring charyt CI vith ‘the'vdluos.of ty, tz, tg from. qolumns
TForm (3) conteinis thoso ‘computa—

(30} ,.-(13, -end (32) foim o(1).

tiotﬁ’s which resuLt in the mﬂ px_m-ossions ¢ontaining tho mg‘-

unlmowne [ . Tho “valuos "év :Ln columi 9 of .form .G(3) are.cbtained:

as follovs:

groupg: of four membdre with the groups ldontifiod as s

Similerly, tho.valuce in columm 5 of this form can bo considored

groupod as

..Congider tho vqlubs in golumn 4 of this form as four

A

U a w

whoen
whon
whon

whon

n=1
n=2
n=3

n=4

- -
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'l whenv =1 Do -
‘2 whenv =8 o S . ;l-_, -
3"lw'hen\}a¥.-3: - N

L when v. ;-:-lt- ' -

thén - . s . LI . " e -

81,1 =X .A.Xl

(|

81,2’82.3)(]-.. S
g1, ~ECxX1

- 8;.,4'53D><'1 .
82,1 =% AX 2

82,2 =L BX 2, eta, -

The compwting form for the simultaneous.solution (reference h)
af the equation (C45) is given in form ¢(k). The equations are set
up as follows: The first equation consists of the firat four pumbére
in .column 15 ferm C(3), the second eguation the second four, end se
forth; the first number in each grovp béing the coefficlent of - }
Gyfc, the second being the coefficiéent of Gz/a "and so forth, | ST
Simulteneous sdlution gives the Gfu's with the correspdnding spas :
statien. ’ .o
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= —45°R’ tn A = —fooz

A
A = .37% I— X\ = .24
AR
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Coripw 039 HAS Somx siew AS (5)

Corumn (1%) HAS SAME SISN AS ()

&

FOR 4= Cawrv (037 Has Ti&
L vawe (6)+&nd. |

1 I

1

o ——

N
-~

ﬁuhkounxobn;o

E

T
)
~J
1031‘
=
o

4
6
-4 Vol (| 165)| Té

EXT

Corumn (B%) Has samm SN 4s (5|

FoR o= Cotumr (8%} #AS —]

™HE voarum oF Cowyran &)
] . |

e

= -
i v ~—

N
QAP NOR N ~10

-3

]
(2') NATIONAL ADVI

SORY
COMMITTEE FOR AZRONAUTICS

Form C:- COMPUTING FORM FoR WEISSINGER'S METHOD

(Underscored numbers are. sample calculations.)

AN
|




1 121314156 |718|9{10]11112{13114|15
_ 72 f“
" fru FA(E:J()M i lﬁalﬁ)x(W)-ZBp"r 42) |2bw fé'
g A e o v B g o |0 (e 9
CI |40y cIm cre|~
J | 0 |2,65312330 l | |23602309¢| . 109¢| O I IS /0.5
{ Frsis z 64 o
2 _F/531 3 o g
3 | 44 4 2928 0
2 2 | O i z ! 2, )
p,.———""_-—-.. | 2“7‘ 4 / !2 EEE% .
- 5
(3‘) """‘--.______- Y _//
Fauatioh | |2 13 14 n dg}’:&“ﬂd
CONSTANT / L |/ ¥ [« “mii
G /fx / 9239 |
Gz S 21,3 7074
Ga /x | 3 1,.0994].3827
| Gafu_ %2 4 {.6676| O

(4)
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NATIONAL ADVISORY
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o

TABIE CI.— CONSTAWT FACTCR REQUISED FOR THE
CALCULATION C® Aip(v,n) PFORm =M =T

|.1| K:_l_ Ki Ks Ky Es
/07 -tl/ﬂ"'ﬁ' 1/v | 29/32R -/
0y -13,1406 | 0.5198| 1,0824 | ~13.6610] -0,0396
1 o | shi2l1.08%1 o 0
2 4,6125) .6131 1.082#2 3.9992 .1320
3 1.8477 1 76531 1.082h ¢  1.0823 Jih2
o] —3.aki| .5858| 1.hake i ~h.0000| —-.1T716
1] —4.6125| .6131] 1.k} —5.2254 | -,1329
2 o LTOTL ] 14142 L 0
3 3.0826 | .9176] 1.hke 2,1650 2977
0| ~1.6200} .7232} 2.6130; -2.3432| - hh6h
Ll -1.8%7T, 76531 2.6130 | -2.681231 -~.hike
2|- =3,0826{ .9176} 2.6130 | —&.0002i —.
3 o 1.3065| 2.6130 o l o]
0f ~1.0000 |1.0000} ~2,0000 } —1,0000
1} ~1.0824 | 1.082h o ~2.1649 | ~1.0000
2] —1.k1ke |1.hike! o —2.8281;;—1.0000
3} —2.6130 }2.6130 o —5.2260%-1.0000
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TABLE CIT.— INTERPOTATTON FUFCTION
Tn,u AS CALCULATED WITE 22 = M = 7

niul| Fop
1 !o 2.613
_ {1 -1,k
* l2(-1.531
P31 Lk
2| 0l-1.ak -
1| 2-696
2 -1,000
3|—.531
3{otl 1,082 .
1|21k
21 3.696
3| —L.b1k
y}o|- .500
1! 1,082
312,613
TABIE CIIT.— VAIUZS OF By,n TABLE CIV.— VAIUES OF by,y
A3 CAICULATED WITH n = 7 AS CAICULATED WITH mn = T
n: 2B\L'p n 2bv,v
1|1 0 1} 10.h52h
2| 3.8284 2| - —
3 0 3}~ ———
k1 2928 i .
21 1]2.0120 2] 1} ===
2 0 2| 5.6568
312,3688 3| e =~
L 0 ) R
311 0 A} lj=———-—
21.828: O e
3 0] 31 &.3296
hii1,7022 i = — —
il .eohe bl 1) -
| 2 o} 2 = -~ -
L' o i 41 %.0000

NATIONAL: ADVISORY
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TABLE I.-- COMPARISON OF THEORETICAL AND ZXPERIMENTAT, VALUES
OF LIFT-CURVE SLOPE AND SPANWISE CENTER OF PRESSURE

Wing paremeters Lift—curve slope dey/do (deg ) _
A 1 AR ! A ! Falkmer| Mutterperl | Weissinger, Experiment
—45.2 {2.99 | 0.376| 0.0419 | ©0.040O5 | 0.0450 | 0.0h22
-£29.6 h.h5l 4051 L0573 LOlis6 .0585 | .0580
9 |bb7l ska| L0633 .0632 L0640 ] ,C660
31L.0 |4.66] .hh2; ,0638 .0615 0631 .0668
46.k 3.1;5‘ 4181 0509 0495 .OTO } 0538
Wing parameters Spanwise center of pressure, 7cp
A AR » | Falkmer| Mubtterperl | Welssinger| Experiment
~15,2 12.99 | 0.376] 0.398 0.385 0.399 0.401
-29.6 *4.451 ho5] 408 " .362 403 L20
. 9 jkbT] sh2] hog k26 L25 133
31.0 {4.66] .hk2] k39 A3k A0 ik
Le.h [3.45] .4a8| .bh6 438 Lh2 150

P —

NATTONAL: ADVISORY
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SIMPLE HORSESHOE T\ CONTROL POINTS
VORTICES - A
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= | ™
Zs — Rl
3C ; \qE 2 A
8 5C ; Q___I 3&2
¥ S
1 . i
a). FALKNER - % ~ &5
CSQTT"‘A%?KGSHEET LIFTING LINE
" VORTICES

CONTROL POINTS

b). MUTTERPERL

ng”%g%ﬂﬁ GSHEET LIFTING LINE

VORTICES CONTROL
POINTS

) WEISSINGER gy,
FIGURE |. - THE MANNER OF CONGENTRATING THE

VORTICITY FOR THE METHODS OF FALKNER,
MUTTERPERL AND WEISSINGER.
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